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Phosphorus is the only donor in diamond which can be used technologically. Several ab initio theoretical
models have been published on substitutional phosphorus, and most of them have predicted that it should have
tetrahedral or trigonal symmetry. Recent ab initio calculations suggested that C2v, C3v, and D2d conformations
reduce the total energy. Electron-paramagnetic-resonance experiments performed on phosphorus-doped dia-
mond revealed a phosphorus-related center with tetragonal symmetry, although the signal is only observed
below 20 K. We present a detailed ab initio study to show that the phosphorus substitutional atom has
tetragonal symmetry at low temperatures. A study of the vibrational modes allows us to investigate the
Jahn-Teller origin of the tetragonal distortion and to predict the solubility of phosphorus when grown by
chemical vapor deposition with phosphine in the gas phase.
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I. INTRODUCTION

One of the major obstacles in the development of dia-
mond electronic devices has been the difficulty of finding a
shallow donor. The obvious candidate, nitrogen, has a donor
level at 1.7 eV,1 which is much too deep to be used in elec-
tronics. The preparation of phosphorus-doped diamond by
chemical vapor deposition �CVD�, with phosphine in the gas
phase, has only recently become reliable and reproducible.
Homoepitaxial diamond thin films with thicknesses of about
300 nm were grown on the �111�-oriented faces of type Ib
diamond substrates.2 Over a wide range of dopant concentra-
tions ��PH3� / �CH4�: 1000–20 000 ppm�, the n-type conduc-
tion was confirmed by Hall-effect measurements. The con-
centration of phosphorus in the diamond can be controlled
between 1�1016 and 5�1019 cm−3 by changing the
PH3 /CH4 ratio in the gas phase. Usually, 150 ppm of PH3
with respect to CH4 leads to a phosphorus concentration in
the range of 1�1018 cm−3 depending on the growth
conditions.3 Other methods of doping, such as in diffusion
and implantation, have had almost no success but this is
a common situation for dopants in diamond. Since then,
other source gasses, including tertiarybutylphosphine
TBP:P�C4H9�H2 and trimethylphosphine TMP:P�CH3�3,
have been used to incorporate phosphorus.4 However, its do-
nor level at 0.6 eV is still very deep.5–7

Theoretical models of substitutional phosphorus8–11 show
a large outward distortion of the neighboring carbon atoms.
The phosphorus itself either remains on site to give a tetra-
hedral defect8,9 or distorts away from one of its carbon
neighbors to give a trigonal symmetry10 or conforms to C2v,
C3v, and D2d symmetries.11 However, recent electron-
paramagnetic-resonance �EPR� studies of P-doped diamond
find a signal originating from a tetragonal defect, which dis-
appears at temperatures above about 20 K.12

This paper reports on a study of the phosphorus donor to
clarify the question of its symmetry, its solubility, and its
electrical properties. It is arranged as follows. Section II ex-
plains the theoretical model that we used. Section III exam-
ines the structure, electrical properties, and solubility of the
donor and we indicate why earlier models have given con-
tradictory results. We conclude in Sec. IV.

II. METHOD

We used self-consistent density-functional theory �DFT�
calculations using the SIESTA �Spanish Initiative for Elec-
tronic Simulations with Thousands of Atoms� package.13

This code uses localized atomic numerical basis sets and
periodic boundary conditions to describe valence electrons.
Core electrons are treated by norm-conserving Troullier-
Martins pseudopotentials14 factorized in the Kleinman-
Bylander form.15 The generalized gradient approximation
�GGA� was employed for the exchange-correlation potential,
with the Perdew-Burke-Ernzerhof �PBE� parametrization of
the exchange-correlation functional.16 The carbon pseudopo-
tential was nonrelativistic and the orbitals included were 2s,
2p, 3d, and 4f . The cutoff distances were all 1.25 bohr. The
phosphorus pseudopotential was relativistic with 3s, 3p, 3d,
and 4f orbitals. The cutoff distances for these channels were
1.58, 1.83, 1.83, and 1.83 bohr, respectively.

In all calculations the DZP �double zeta plus polarization
orbitals� basis set was used. The energy cutoff was 350 Ry.
Each system was allowed to undergo a full structural relax-
ation until the forces on atoms were smaller than
0.01 eV /Å. The stress tolerance was set to be less than 0.01
GPa. To find out how big the supercell of pure diamond
needed to be, in order to represent a reliable bulk diamond,
we calculated the energy per atom in supercells of 8, 16, 32,
64, 128, and 216 carbon atoms. We compared chemical po-
tential of carbon obtained from these supercells with con-
verged values of the chemical potential for carbon using two-
atom supercell and 320 k points. It was found that chemical
potential obtained from a 216-atom supercell with 1 k point
is practically the same as the converged chemical potential
obtained using two-atom supercell and 320 k points. It was
found that supercells containing 64 or more atoms should be
reliable. The lattice constant of bulk diamond we obtained
using 216-atom supercell is 3.59 Å, overestimating the ex-
perimental value of 3.567 Å by only �0.02 Å or 0.64%.
The band gap is found to be 4.21 eV, underestimating the
experimental band gap of 5.5 eV. This underestimate is a
common problem of DFT. In our calculations, both 64- and
216-atom supercells were used.
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One �gamma� k point was used in simulations. The struc-
tural optimization was performed using a conjugate gradient
algorithm which means that during the structural relaxation,
atoms are moved in a direction depending on both previous
and current forces. This can have the disadvantage that the
structure relaxes to a local minimum of the total-energy sur-
face. So in order to ensure as much as possible that the
relaxed structure is a true global minimum, we performed
structural optimizations from several different initial con-
figurations. We also let the supercell relax together with the
atomic coordinates—this allows for a large outward relax-
ation of the carbon atoms around the big phosphorus atom
where one might expect significant elastic strain in the lat-
tice. This approach is slightly different from the one used by
Sque et al.17 where a supercell of fixed volume was em-
ployed.

III. RESULTS AND DISCUSSION

A. Structure and electric properties of the phosphorus donor

When the phosphorus in a 64-atom supercell is modeled
with the spin averaged method, it relaxes into a tetragonal
symmetry. The calculation was run with the starting posi-
tions of the atoms in tetrahedral and trigonal symmetries and
with the neighboring atoms displaced in random directions
from their sites, and in all cases the final symmetry was the
same. This implies that there is no metastable structure of a
different symmetry. Each of the first neighbors to the phos-
phorus relaxed outward by �0.17 Å �11.1% of their bond
length� and also by �0.03 Å away from their tetrahedral
positions. The spin-polarized calculation with the same 64-
atom supercell gave a trigonal relaxation as the stable struc-
ture, again with no metastable structures.

However, when the calculations were repeated with a
216-atom supercell, using both spin-averaged and spin-
polarized methods, the tetragonal structure with the displace-
ments similar as above, where first neighbors to the phos-
phorus relaxed by �0.02 Å away from their tetrahedral
positions, was the one with lowest energy. The distances be-
tween four carbon atoms which surround phosphorus and
their first neighbors shortened only slightly �two of them by
0.52% and the remaining one by 1.23%�. This shows that
distortion around P atom is much localized. The total energy
in the tetragonal configuration is �30 meV smaller than that
of the trigonal structure for a 216-atom supercell. It is clear
therefore that the structure predicted by the models is very
sensitive to the supercell size, although we would expect that
the larger supercell models would be more reliable. The re-
laxed structures showing the phosphorus atom and four near-
est carbon atoms in D2d and C3v symmetries are given in
Figs. 1 and 2, respectively.

Since there are three equivalent D2d structures, it is pos-
sible for the system to hop from one of these configurations
to either of the other two. In order to evaluate the potential
barrier for reorientation we calculated the total energy of
supercell in several consecutive configurations. In each of
these configurations we fixed the positions of the P atom and
four nearest C atoms and allowed the remaining atoms to
relax in order to minimize the total energy. In this way we

got a series of energy minima which enabled us to sketch the
reorientation barrier along a particular migration path. Note
that in each intermediate configuration phosphorus atom and
four carbon atoms were fixed during simulations.

One of the possible reorientation paths is via the Td con-
figuration and in this case the reorientation barrier is
�140 meV. In order to calculate this barrier we first found
the P-C bond length for which the system has the lowest
energy in Td configuration.

The barrier on the direct path where each atom is halfway
between two equivalent D2d structures is �70 meV. This
barrier is shown in Fig. 3. The first point and last point in
Fig. 3 correspond to two equivalent tetragonal structures and
the point with the highest energy represents the saddle-point
configuration. Note that since the phosphorus atom itself
does not move during the reorientation, the reorientation
paths are not totally clear. It is quite possible that a lower
saddle-point energy exists.
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FIG. 1. �Color online� Relaxed P atom and its first neighbors in
D2d configuration for 216-atom supercell. Bond lengths are in ang-
stroms. The vertical and horizontal axes are approximately �001�
and �100�, respectively.
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FIG. 2. �Color online� Relaxed P atom and its first neighbors in
C3v configuration for 216-atom supercell. Bond lengths are in
angstroms.
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We shall assume that rate of reorientation is of the form

R = � exp�− Ea/kT� , �1�

where � is an effective frequency and exp�−Ea /kT� is the
probability of excitation over potential-energy barrier of
height Ea. Note that this is a completely classical calculation.
Quantum effects originating from the tunneling through the
barrier can be neglected because the mass of the carbon at-
oms is too large to consider any tunneling. The effective
frequency � can be calculated as

� =� 1

m

�
i=1

3N

K1�i�

�
j=1

3N−1

K2�j�

, �2�

where K1�i� and K2�j� are the eigenvalues of the matrix of
force constants in the minimum-energy structure and at the
saddle point, respectively.18

In order to obtain the effective frequency, we calculated
the phonon frequencies of the phosphorus containing super-
cell in the saddle-point configuration and at the tetragonal
sites. The phonon spectra of the supercells were calculated
using TETRA package.19 The force-constant matrix �FCM� �
is calculated by the method of finite displacements. This
means that the atoms in the supercell are displaced by the
small amounts ui, then the forces on all atoms in the “dis-
placed configurations” are calculated and these data are used
to construct �. Two displacements, ui and −ui, are used for
each degree of freedom. Using Eq. �2�, the effective fre-
quency for hopping is estimated to be about 2.6�1013 s−1.
For comparison, note that the Raman frequency is 4
�1013 s−1.

Our prediction of the temperature dependence of the EPR
signal from the tetragonal phosphorus donor reveals that it
starts to reorient rapidly at about 60 K. Therefore at low
temperatures, the phosphorus can be expected to be observed
in the tetragonal site, but at higher temperatures it will oc-
cupy a dynamic state which will be observed as tetrahedral
or motion broadened so as to be unobservable.

The experimentally obtained temperature at which tetrag-
onal EPR signal disappears is about 20 K.12 The reason for
this discrepancy is probably an overestimate of the height of
the barrier. The exponential factor is dominant in the formula
for reorientation, so even a slight overestimate of energy
barrier can lead to big changes in the temperature depen-
dence of the reorientation process.

In order to estimate the phosphorus donor level we used
the Kohn-Sham energy levels, which are shown in Fig. 4.
These levels can be interpreted as the ground state and the
first few excited states of a phosphorus donor in diamond.
They are effective-mass-like donor states which are derived
from the minima of the conduction band.

B. Jahn-Teller effect

The relaxation from tetrahedral to a lower symmetry is
due to a Jahn-Teller effect. When constrained to a tetrahedral
symmetry, the Kohn-Sham energy level corresponding to the
single donor electron has t2 symmetry. In D2d configuration
this triply degenerate t2 state is split into singly degenerate b2
state which lies at 0.68 eV below the conduction-band mini-
mum and a doubly degenerate E state. e and a1 states in Td
configuration correspond to phosphorus excited states. We
know that DFT is a ground-state theory and that Kohn-Sham
eigenstates are not real electron wave functions but are actu-
ally a set of basis functions being used to find the charge
density. Because of that, excited-state properties are beyond
the reach of DFT and the positions of these excited phos-
phorus related levels have to be taken with caution.

Energies of t2 and e states of the defect are plotted against
the tetragonal distortion in Figs. 5�a� and 5�b�. Note that the
donor Kohn-Sham energy level is at 0.68 eV below the
conduction-band edge. This is not a reliable estimate of the
donor energy �cathodoluminiscence spectroscopy,20 infrared-
absorption spectroscopy,21 and photoconductivity5 show that
donor levels is 0.6 eV below conduction band�. The marker
method is better to calculate donor or acceptor levels. Since
the reference level for a donor in diamond is usually phos-
phorus we could not employ this method.

The change in the total energy of the defect is plotted
against the tetragonal distortion in Fig. 5�c�. From Figs.
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FIG. 3. Energy barrier for hopping between equivalent tetrago-
nal structures. The horizontal axis represents the distance through
which each of the four carbon atoms surrounding the phosphorus
atom travels during the reorientation
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FIG. 4. �Color online� Kohn-Sham energy levels in the band gap
when P is constrained to have tetrahedral symmetry and for lowest-
energy �tetragonal� configuration.
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5�a�–5�c� we can see that, as a consequence of increasing the
magnitude of distortion, the energy of electronic states and
the total energy continuously decrease. However, with the
strain, the elastic energy is introduced and as this energy gets
higher with the distortion it will eventually constrain the size
of deformation. This is a classic example of a Jahn-Teller
effect.

1. Coupling strengths

We concluded that, for this complex, we have t2� ��
+�2� coupling and we have analyzed the effect using the

theory in Ref. 22. The � mode tends to stabilize tetragonal
distortion and �2 mode a trigonal distortion. One of the most
interesting aspects of this situation is the competition of
these two tendencies. We will assume that the coupling is
linear. In that case, coupling to either of the vibrational
modes is characterized by the linear coupling strengths
which we shall denote as L� and L�. These quantities have
the dimension of energy. Usually the magnitude of the vi-
bronic coupling is expressed as a pure number,

S =
1

n

L2

����2 �
EJT

��
, �3�

where �� is a vibrational quantum involved in coupling. The
number n varies from case to case and is equal to 6 for t2
�� and 9 for t2��2. EJT is the Jahn-Teller stabilization en-
ergy and S is a dimensionless linear Jahn-Teller coupling
constant.22

Since the D2d configuration is energetically more favor-
able than the C3v configuration, we can conclude that

L�
2

6��
�

L�
2

9���

. �4�

In order to determine coupling strengths, we calculated vi-
brational modes for the 64-atom pure diamond supercell and
for phosphorus containing supercell. The dynamical matrix
has been obtained for both supercells. By diagonalizing these
matrices, one can obtain phonon frequencies as explained
above. This gives us 64�3 frequencies. From differences
between the frequencies of the modes of vibration it is pos-
sible to identify those which involved the phosphorus. By
analyzing normal coordinates, which were given in terms of
atomic displacements, we could identify the frequencies of �
and �2 modes implicated in the Jahn-Teller effects as those of
���354 cm−1 and ���586 cm−1.

To find the value of S�, we calculated vibronic levels in
the case when S��0 and S�=0. Using the fact that in our
216-atom simulations the difference between D2d and Td
configurations was 40 meV, we read off the corresponding
value of S� from Fig. 6. We found that S� is �0.28. A similar
procedure �Fig. 7� is used to find the value of S� and it is
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FIG. 5. �Color online� �a� Splitting of t2 level as a function of
distortion. The numbers in braces refer to the degeneracies of the
levels. �b� Splitting of e level as a function of distortion. In �a� and
�b� the zero of energy corresponds to the conduction-band mini-
mum. �c� Decrease in the total energy of the defect as a function of
distortion. In all figures, the coordinate 0 corresponds to Td symme-
try. The final point corresponds to the minimum-energy structure
with D2d symmetry.
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FIG. 6. Lowest-lying vibronic energy level as a function of cou-
pling strength S�, while S� is zero.
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found to be �0.1. Here we used the result that the difference
in energy between Td and C3v configurations is about
�12 meV for the 216-atom supercell.

Phosphorus is expected to behave as an effective-mass-
like donor according to Ref. 6. It should therefore have a
hydrogenic series of excited states. The Kohn-Sham eigen-
vectors, which can loosely be identified with wave functions,
for the ground state and first-excited state are shown in Figs.
8 and 9. The localization of the wave functions shown in
Figs. 8 and 9 compares well with that expected from the
effective-mass-like theory explained in Ref. 6. However, the
assumptions of effective-mass theory, in particular the use of
the dielectric constant, break down when the wave functions
are localized on just a few neighbors to the donor.

We can see that the main component of the donor electron
is on the phosphorus atom. The one-electron configuration of
the on-site phosphorus in Td symmetry is t2

1. The lowering of
symmetry from Td to energetically most favorable D2d sym-
metry causes splitting of t2 level into b2 and e. The wave
function of b2 level is related to sp hybrids pointing toward
interstitial spaces in the diamond lattice.

The charge density along one of the P-C bonds when
system has D2d symmetry is given in Fig. 10. We also cal-
culated the total charges inside the spheres of different radii
centered at phosphorus atom. These data revealed that extra
electron originating from phosphorus is localized around
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FIG. 7. Lowest-lying vibronic energy level as a function of cou-
pling strength S�, while S� is zero.

FIG. 8. �Color online� Isosurface plot for the highest occupied,
t2-derived orbital of the donor electron of the substitutional phos-
phorus in diamond, as sampled at the 	 point. Plot represents the
wave function for the lowest of the three t2-derived states in D2d

symmetry, which confirms that the orbital is localized around the P
atom. It also shows 
d reflection plane.

FIG. 9. �Color online� Isosurface plot for the orbital which rep-
resents one of the excited states of the donor electron of the substi-
tutional phosphorus in diamond, as sampled at the 	 point. Plot
represents the wave function for e orbital in D2d symmetry.
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FIG. 10. Charge density along one of the P-C bonds when sys-
tem has D2d symmetry. The coordinate 0 Å corresponds to the
center of P atom and the coordinate 1.73 Å is the center of the
carbon atom.
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phosphorus atom and its four nearest carbon neighbors.
The stability of the different symmetries in these calcula-

tions depends on the supercell size. An additional factor in
small supercells is the relaxation of supercell repeat distance.
It proved possible to lock the symmetry into a trigonal or
tetrahedral one by allowing only the atoms within the super-
cell to relax and fixing the repeat distance between supercells
at the value for perfect diamond. Since the phosphorus atom
is so much larger than the carbon atom, one would expect a
dilation of the lattice if the concentration of phosphorus is as
great as is being modeled �one atom in 64 or 216�. This is
probably the reason that other workers have reported con-
flicting results. Using standard elasticity theory,23 we can cal-
culate the elastic energy in the diamond corresponding to this
dilation of the lattice around the phosphorus atom to be 0.16
eV.

C. Solubility of phosphorus

To calculate the solubility of phosphorus in diamond from
phosphine, we have to equate the chemical potential of the
solution with those of the phosphine gas and the diamond.
For dilute solutions, the chemical potential is the Gibbs free
energy per atom, G=U−TS+ pV, in terms of the internal
energy U, the entropy S, the pressure p, the volume V, and
the temperature T. The internal energy of the dissolved phos-
phorus is the total energy of the supercell containing phos-
phorus less the total energy of the cell without the phos-
phorus plus the binding energy of the extra carbon atom
displaced by the phosphorus. The entropy includes two
terms: configurational �suffix con� and vibrational �suffix
vib�. Configurational entropy is given as

Scon = − kB ln�P� , �5�

where �P� is the concentration of phosphorus. The Helmholtz
free energy is used to find the vibrational component of en-
tropy. Working at constant volume can be justified since dia-
mond has very small thermal-expansion coefficient of
10−6 K−1 at room temperature.

In the harmonic approximation, the Helmholtz free energy
for a solid is given as24

Fvib�T� = kBT	
0

�

ln�2 sinh���/2kBT��g���d� , �6�

where kB is the Boltzmann constant and g��� is the phonon
density of states as a function of the frequencies �. This

integral extends up to the highest phonon modes which may
include local defect modes. In the limit when T→0, Fvib
gives the total zero-point energy �ZPE�. The method used to
calculate g��� from DFT results is shown in Ref. 25. The pV
term is negligible for the solid or solution. The vibrational
entropy can be calculated from Fvib by differentiation with
respect to temperature,

Svib = − 
 �Fvib

�T
�

V

. �7�

After a little algebra the expression becomes

Svib = kB	
0

� � ��

2kBT
coth

��

2kBT
− ln
2 sinh

��

2kBT
�g���d� .

�8�

The chemical potential of the diamond solvent is calculated
in the same way.

In order to obtain Svib, it is necessary to know the vibra-
tional frequencies. They were derived by diagonalizing the
dynamical matrix of a 64-atom supercell representing bulk
diamond and 64-atom supercell containing phosphorus atom
as explained above.

To see how accurate our results are, we also calculated
phonon frequencies for bulk silicon and diamond and com-
pared our results with other theoretical and experimental
data. The results are summarized in Table I.

The chemical potential of the phosphine gas can be cal-
culated by assuming that it is an ideal gas, so that

Sgas = k�ln V +
3

2
ln T +

3

2
ln
2�mkB

h2 � +
5

2
� , �9�

where m is the mass of the molecule. In addition, there are
vibrational modes �i. For the polyatomic ideal gas, the vi-
brational entropy is27

Svib
gas = NkB �

i=1

3n−6 � �i

e�i − 1
− ln�1 − e−�i� , �10�

where N is the number of molecules, =1 /kBT, and �i
=��i are vibrational energy levels of the molecule. If a non-
linear molecule contains n atoms, there are 3n−6 indepen-
dent modes of vibration.

TABLE I. Comparison of our results obtained for lattice parameter and zone-center phonons for C and Si
with other theoretical and experimental data. Other theoretical data are from Ref. 25. The measured data are
from Ref. 26.

Lattice constant
�Å�

	 phonon
�cm−1�

This work Ref. 25 Expt. This work Ref. 25 Expt.

C 3.59 3.54 3.57 1386 1394 1332

Si 5.52 5.46 5.43 516 541 517
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The enthalpy and vibrational frequencies of the phosphine
molecule can be calculated by DFT in the same way as those
for diamond. The values of frequencies, compared to experi-
ment, are given in Table II.

Once all this information is assembled, the equation can
be rearranged to give an expression

�P� = exp��S/kB�exp��E/kBT� , �11�

where �S includes all the terms which derived from the dif-
ferences in vibrational �and ideal gas� entropy between the
solution and components and the pV term for the gas, and
�E includes the similar enthalpy terms. During the growth of
phosphorus-doped diamond, the pressure of the phosphine
gas is simply its partial pressure in the gas mixture. Note that
the entropy terms depend on temperature, so an analysis
from an Arrhenius plot of the experimental values may be
misleading.

However, the situation is complicated by the process by
which diamond is grown. The gases are activated using a
microwave plasma. This means that the components are un-
likely to be in true equilibrium with each other at the tem-
perature quoted as that of the substrate. Also the phosphine is
probably dissociated in the plasma gas.

The solubility of phosphorus was calculated for a range of
temperatures and for the following conditions: CH4 /H2 ratio
on the order of 0.05%, 100 ppm of phosphine with respect to
CH4, and gas pressure of 100 Torr. The results are summa-
rized in Fig. 11. These values are within typical experimental
conditions.3 The solubility was also calculated for several
values of phosphine with respect to CH4 in the range of
1–1000 ppm and we found that solubility increases slightly
with increasing phosphine concentrations.

Experimentally, the concentration of phosphorus in n-type
CVD diamond can be controlled in the concentration range
of 1�1016–5�1019 cm−3 by varying the PH3 /CH4 ratio in
the gas phase.3 Typically, 150 ppm of PH3 with respect to
CH4 leads to a P concentration in the range of 1018 cm−3,
depending on the growth conditions. Therefore our results
are in good agreement with experiment.

IV. CONCLUSIONS

In this paper, we studied the phosphorus donor to clarify
the question of its symmetry and its solubility. It was found
that configuration with D2d symmetry has lower energy than
the one with C3v symmetry, which is in agreement with ex-
periment. The energy barrier to reorient the defect is less
than 70 meV. The relaxation from tetrahedral to a lower sym-
metry around the phosphorus atom is due to a Jahn-Teller
effect. By calculating the phonon spectrum of a supercell
containing phosphorus, we revealed which modes of vibra-
tion were coupling with the electronic levels of phosphorus.
There is t2� ��+�2� coupling with modes of frequencies of
���354 cm−1 and ���586 cm−1. The magnitudes of the
vibronic coupling to these two vibrational modes are found
to be S�=0.1 and S�=0.28.

The solubility of phosphorus in diamond from phosphine
was also calculated. In the analysis we included the vibra-
tional part of the internal energy and vibrational entropy. It
was found that at the typical CVD growth temperatures the
phosphorus concentration should be �1019 cm−3.
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